We show that the usual formulation of the cosmological constant problem breaks down when the effect of the huge fluctuations in quantum vacuum stress-energy tensor is considered. Even if one has successfully fine-tuned the bare cosmological constant in the Einstein equations to the required accuracy of 10 −122 , the fluctuations would still cause the universe to explode. The fluctuations would also produce a large positive contribution to the averaged macroscopic spatial curvature of the Universe. In order to cancel this contribution, the bare cosmological constant has to take large negative values, and if it is large enough, the spacetime structure would be similar to the cyclic model of the universe in the sense that at small scales every point in space is a "micro-cyclic universe" which is following an eternal series of oscillations between expansions and contractions. Moreover, due to the weak parametric resonance effect caused by the fluctuations of the quantum vacuum stress-energy, the size of each "micro-universe" increases a tiny bit at a slowly accelerating rate during each micro-cycle of oscillation. Accumulation of this effect over the cosmological scale gives an accelerating universe. More importantly, the extreme fine-tuning of the cosmological constant is not needed. This resolves the cosmological constant problem and suggests that it is the quantum vacuum fluctuations serve as the dark energy which is accelerating the expansion of our Universe.
I. INTRODUCTION
The cosmological constant problem is widely regarded as one of the major obstacles to further progress in fundamental physics (e.g., see [1] [2] [3] [4] [5] ). In [6, 7] , we made a proposal for addressing this problem. We noticed that the density of quantum vacuum is not a constant as usually assumed but is constantly fluctuating with its magnitude of fluctuation as big as its expectation value. As a result, the quantum vacuum would gravitate in a different way from what people previously thought. The resulting spacetime sourced by quantum vacuum would also be fluctuating and becomes highly inhomogeneous. The gravitational effect produced by the huge vacuum stress energy is still huge, but confined to small scales where each spatial point oscillates between expansion and contraction with different phase from neighboring spatial points. The expansion and the contraction almost cancel except the expansion wins out a little bit due to the weak parametric resonance effect produced by the vacuum fluctuations. This tiny net expansion accumulates on cosmological scale, gives the observed slowly accelerating expansion of the Universe.
However, this scenario has some shortcomings.
i) The metric we used is too simple. We supposed a special form of the inhomogeneous metric ds 2 = −dt 2 + a 2 (t, x)dx 2 (Eq. (23) in [6] ) to describe the spacetime fluctuations which is certainly not true since general vacuum fluctuations of the matter fields are rather random that the metric has to be general.
ii) The high energy cutoff Λ we used violates the usual Lorentz invariance requirement of the quantum vacuum [8] , which leads to the violation of the usually assumed vacuum equation of state (11)(i.e., P = − ρ ).
iii) We required that the square of the time dependent frequency Ω 2 = 4πG(ρ + 3 i=1 P i )/3 > 0 (Eq. (42) in [6] ). It would be a disaster to this scenario if there is any significant chance that ρ + 3 i=1 P i becomes negative [8, 9] .
However, in principle, ρ + 3 i=1 P i receives contribution from all fundamental fields. Naive calculations show that Boson fields have positive energy density while Fermion fields have negative energy density [10] . Since we do not have the knowledge of all fundamental fields, the sign of ρ + 3 i=1 P i can not be determined. iv) We required taking Λ to super-Planck scale and the oscillation scale of gravity field would be on supersuper-Planck scale. However, GR is generally expected to break down at Planck scale and QFT may break down even earlier.
In order to avoid the above listed shortcomings of the old scenario, we extend it to a new scenario.
We are going to use a general metric in the new scenario. The Einstein field equations for the general metric is complicated. Before trying to directly solve it, we first study a free falling observer moving in a general spacetime sourced by the quantum vacuum. We investigate how the nearby free falling test particles surrounding the observer move. This is helpful to understand the essential feature of the solution to the Einstein equations in later sections. The basic equation we are using is the geodesic deviation equation (2) introduced in Sec.II. We are also going to give an alternative formulation of the cosmological constant problem by using the the geodesic deviation equation (2) in Sec.III and show the breakdown of the formulation due to the huge vacuum stress-energy fluctuation in Sec.IV.
In the old scenario, the bare cosmological constant λ B in Einstein field equations is set to zero. However, we show in Sec.V that λ B should not take zero value in the wildly flucutating spacetime. In fact, the underlying small scale fluctuation of the spacetime sourced by the quantum vacuum is similar to Wheeler's spacetime foam [11, 12] . We find that this randomly fluctuating foamy structure would give a large positive contribution to the averaged macroscopic spatial curvature of the Universe. In order to match the observed small spatial curvature,
arXiv:1904.08599v1 [gr-qc] 18 Apr 2019
one has to take λ B to large negative values to cancel this positive contribution from the spacetime fluctuations.
Therefore, in the new scenario, we keep the bare cosmological constant λ B from the beginning and take it to large negative values. As in the old scenario, the spacetime has a similar alternatively expanding and contracting structure at small scales if the large negative λ B is dominant over vacuum fluctuations. The physical picture is actually similar to the cyclic model (or oscillating model) of the universe in the sense that every point in space is a "micro-cyclic universe" which is following an eternal series of oscillations. Each "micro-universe" begins with a "big bang" and ends with a "big crunch" and then a "big bounce" happens which bounces the "crunch" back to a new "bang" that the cycle starts over again. This structure of spacetime will be investigated in Sec.VI by directly analyzing the Einstein equations.
Moreover, as in the old scenario, we also have the similar weak parametric resonance effect produced by the vacuum stress-energy fluctuations. This effect is easiest to analyze by using the geodesics deviation equation (2) . We show in Sec.VII that if −λ B is large enough, the average distance from the nearby free falling test particles to the observer would be increasing at a slowly accelerating rate. This implies that the expansion wins out a little bit and the size of each "micro-universe" increases a tiny bit during each micro-cycle of oscillation. Accumulation of this effect over the cosmological scale would give the observed slowly accelerating expansion of our Universe. More importantly, no extreme fine-tuning of the cosmological constant λ B to the accuracy of 10 −122 is needed in this scenario.
The metric signature in this paper is (−, +, +, +). There is no Einstein summation convention for the index i which runs from 1 to 3 unless a summation symbol is added.
II. GEODESIC DEVIATION EQUATION
Consider a free falling observer whose world line is a timelike geodesic γ with tangent ξ a . Without loss of generality, we may assume that γ is parameterized by proper time τ , i.e. the tangent ξ a is normalized to unit length ξ a ξ a = −1. It is convenient to introduce an orthonormal basis of spatial vectors e 1 ). For this tetrad frame along γ, the components g µν of the metric g ab is
where η µν = diag(−1, 1, 1, 1), i.e. this frame is the observer γ's own local inertial frame. Then the components, x i , of the deviation vector x a which describes the displacement to an infinitesimally nearby geodesic from γ satisfies the geodesic deviation is not shown in this figure.) with a test particle moving around him. x a is the deviation vector which represents the infinitesimal displacement from γ to the test particle. The metric components gµν along γ in this frame is exactly ηµν = diag(−1, 1, 1, 1).
equation (see e.g. pages 47, 225 of [13] ):
The solution to (2) depends on the properties of the components R i 0j0 of the Riemann curvature tensor. The Riemann tensor can be expressed in terms of the Weyl tensor and the Ricci tensor:
Specially, in the frame {ξ a , e a 1 , e a 2 , e a 3 } the components R i 0j0 along γ can be expressed as
The Ricci tensor is determined by the matter distribution point-to-point through the Einstein equations:
where T = g ab T ab is the trace of the matter fields stress energy tensor and λ B is the bare cosmological constant. Then the components R i 0j0 along γ is related to the matter distribution:
The Weyl tensor is the part of the Riemann curvature which is not determined locally by matter distribution. It corresponds to the free gravitational field. However, it cannot be entirely arbitrary as the Riemann tensor must satisfy the Bianchi identity:
In terms of Weyl and Ricci tensors, (8) becomes
Substituting the Einstein equations (5) into (9) gives the equations for the Weyl tensor:
Thus in a sense the Weyl tensor gives the part of the Riemann curvature at a point that depends on the matter distribution at other points [14] . Notice that the bare cosmological constant λ B does not contribute to the Weyl tensor.
III. THE COSMOLOGICAL CONSTANT PROBLEM
The cosmological constant problem can also be formulated using the geodesic deviation equation (2) introduced in the last Section.II.
First, Lorentz invariance requires that the expectation value of the vacuum stress energy tensor takes the following form:
where ρ is the vacuum energy density. In the usual formulation of the cosmological constant problem, one only takes the expectation value of R i 0j0 given by (6) and (7) into consideration:
where the Weyl tensor has been set to be zero in this formulation since there is no gravitational waves in the homogeneous and isotropic universe. Then the geodesic deviation equation (2) becomes
where the effective cosmological constant λ eff is defined by
If λ eff > 0, the general solution to (14) is . When τ is large, the second term in the above solution is exponentially suppressed:
So the free falling observer along γ would see neighboring test particles surrounding him moving away exponentially. This seems to give the current accelerating expansion of the universe. Unfortunately, the observed value of effective cosmological constant is
while the vacuum energy density is expected to be
if we believe QFT up to Planck energy, where Planck units has been used. Then according to Eq. (15) , one has to fine-tune λ B to a precision of 122 decimal places to cancel the huge vacuum energy density to match the observations. This problem of extreme fine-tuning is called the cosmological constant problem [2] .
IV. BREAKDOWN OF THE USUAL FORMULATION OF THE COSMOLOGICAL CONSTANT PROBLEM
The usual formulation of the cosmological constant problem treats the vacuum energy density ρ as a constant. However, as pointed out in [6, 7] that the density of the quantum vacuum is not a constant but wildly fluctuating, the usual formulation of the cosmological constant problem is not valid. In fact, since the vacuum is not an eigenstate of the energy density operator T 00 , although it is an eigenstate of the Hamiltonian H = dx 3 T 00 which is an integral of the energy density over the whole space, ρ can not be a constant, it is always fluctuating. The magnitude of the fluctuation is as large as its expectation value [6] ∆ρ ∼ ρ .
Because of this huge fluctuation, the usual formulation of the cosmological constant problem would break down. In particular, even if one has successfully fine-tuned λ B to the needed accuracy of 10 −122 , the Universe would still explode since λ B only cancels the expectation value of ρ but not its fluctuations. These huge fluctuations are still there which would produce large disastrous gravitational effects.
A. Fluctuation properties of the Riemann tensor
To demonstrate the above points in more detail, we first study the fluctuation properties satisfied by the components T µν of the stress-energy tensor T ab along γ in the observer's local inertial frame {ξ a , e a 1 , e a 2 , e a 3 }. The stress-energy tensor T ab is in general explicitly dependent on the metric g ab . For example, the stressenergy for a scalar field φ is
However, in the free falling observer's local inertial frame, the metric components g µν along γ always take the flat Minkowski form (1) . Then the components T µν along γ reduces to the Minkowski form:
which is not explicitly dependent on the fluctuating g ab . The scalar field φ satisfies the Klein-Gordon equation in curved spacetime
According to the equivalence principle, the matter fields obey the law of special relativity in the free falling observer γ's local inertial frame, i.e., over sufficiently small regions around γ, the Klein-Gordon equation in curved spacetime reduces to the Minkowski form:
Unfortunately, the mode solution of φ observed by γ depends the global structure of the spacetime metric g ab , not only the Minkowski structure near γ. However, as discussed in Sec.VIII B, the low frequency modes below Λ, which satisfy the Klein-Gordon equation (23) in curved spacetime, average out over the wild fluctuations would approximately satisfy the usual KleinGordon equation (24) in flat spacetime. Therefore, for the "effective" vacuum state defined in Sec.VIII B, we can perform the calculation for T µν along γ using the usual quantum field theory in Minkowski spacetime. The free falling observer γ would not see the effect of the general fluctuating metric g ab on low frequency field modes below Λ.
Due to the fluctuations in T µν , the matter fields and their resulting spacetime are no longer homogeneous and isotropic. However, their statistical properties should still be homogeneous and isotropic, i.e. the observer γ should see the same magnitude of fluctuations in every point and in every direction. Using the spatial symmetry of the space in the three directions {e 
Also, since the Weyl tensor is traceless C a bab = 0, we have
where we have used C 0000 = 0 which is required by the symmetry property of the Weyl tensor. Taking the expectation value of (29) we would have
The magnitudes of the fluctuations of the components T µν are on the same order, they depend on the high energy cutoff Λ:
if effective QFT is valid up to Λ. This could have been guessed by dimensional analysis or be directly calculated (see [6] for a direct calculation using a scalar field). From (10) we see that the magnitude of fluctuations of the Weyl tensor is on the same order of T µν :
For convenience, we rewrite Eq.(6) in the following form:
where
By definition, we have
and from the statistical properties (31) and (32), we have
Similarly, for the off-diagonal terms, from (26) and (28) we have
and from (31) and (32) we have
Another important quantity is the time scale of variations of R i 0i0 , R i 0j0 (i = j). These terms are combinations of the stress-energy tensor, whose time scale of variations can be obtained by the time-energy uncertainty relation ∆E∆t ∼ 1.
The energy scale of the quantum matter fields is just the cutoff scale Λ. As the change in energy is significant, i.e. ∆E ∼ Λ, we have ∆t ∼ 1/Λ. This means R i 0i0 , R i 0j0 (i = j) would become appreciably different after a time interval of the order 1/Λ, i.e. the the time scale of variations of R i 0i0 , R i 0j0 (i = j) is t ∼ 1/Λ. This is easy to understand since the dominant contribution to the stress-enenegy tensor comes from field modes of high frequencies close to Λ. This result can also be obtained by calculating the correlation functions of the stress energy tensor (see [6] for a direct calculation using a scalar field).
B. Disastrous explosion
Now suppose that we have successfully fine-tuned λ B in (34) to the extreme accuracy of 10 −122 so that
in Planck units. While the fluctuation terms ∆R
are on the order of 1 in Planck units if the cutoff Λ ∼ E P has been taken to be Planck energy, which are completely dominant over R i 0i0 which is on the order of 10 −122 . Therefore, the dynamics of x i given by the geodesic deviation equation would completely deviate from the solution given by (16) , (17) .
In fact, both ∆R 
where 10 −61 is the order of magnitude of current Hubble expansion rate in Planck units.
ii) when ∆R i 0i0 fluctuates to large positive values, the geodesic deviation equation (2) describes a three dimensional harmonic oscillator with time dependent frequencies Ω i = R i 0i0 and parametric resonance 1 could occur so that x i would roughly go as
whereP i is a quasiperiodic function oscillating around 0. In this case, Ω i ∼ √ GΛ 2 while the varying frequency of Ω i itself is roughly Λ. As taking Λ ∼ E P , the two frequency closes to each other that the parametric resonance would be strong, i.e.H i would be large.
In both cases, the average distance from the nearby geodesic to γ would grow fast. The full consideration including also the fluctuations of the off-diagonal terms R i 0j0 (i = j) would just make the growth in a more complicated way.
Therefore, the universe would still explode even one has successfully fine-tuned λ B to the needed accuracy of 10 −122 . Moreover, the relation (15) which describes the dependence of the observed effective cosmological constant λ eff on the bare cosmological constant λ B is destroyed by these fluctuations. A new relation between λ eff and λ B is needed. We will derive the new relation in Sec.VII.
V. FLUCTUATION AND THE SPATIAL CURVATURE
Another effect caused by the huge vacuum energy density fluctuation is the large spatial curvature. In fact, the fluctuation of the quantum vacuum stress-energy tensor would result in a flucutating spacetime. This picture of fluctuating spacetime is not completely new. It is similar to the concept of spacetime foam devised by John Wheeler [11, 12] that in a quantum theory of gravity spacetime would have a foamy, jittery nature and would consist of many small, ever-changing, regions in which spacetime are not definite, but fluctuates. Then at small scales, the spatial curvature at each point would be large and fluctuating.
However, the observed average spatial curvature of the Universe is very small (flat with only a 0.4 percent margin of error). So one natural question is: can the large curvature at small scales averages to small value macroscopically? In order to answer this question, we would employ the initial value formulation of general relativity (see, e.g., [13, 15] ) to study the spatial curvature.
A. The initial value formulation
Let Σ t , parameterized by a time function t, be spacelike Cauchy surfaces and n a be the unit normal vector field to Σ t . The spacetime metric g ab , induces a spatial metric h ab on each Σ t by h ab = g ab + n a n b .
Let t a be a vector field satisfying t a ∇ a t = 1 which representing the "flow of time" throughout the spacetime. The lapse function N and the shift vector N a , with respect to t a are defined by
Then the four-dimensional metric g ab can be written as
The extrinsic curvature K ab of the hypersurface Σ is related to the time derivativeḣ ab of the spatial metric by
where D a is the derivative operator on Σ associated with h ab . In the initial value formulation, the Einstein field equations are equivalent to six equations for the time evolution of the extrinsic curvaturė
plus the Hamiltonian and momentum constraint equations
a and trT = h ab T ab are the energy density, the energy flux and the spatial trace of the matter fields, respectively.
B. The spatial curvature and the cosmological constant
Expanding the terms K ab K ab −K 2 in the Hamiltonian constraint (50) gives
is the determinant of the submatrix formed by deleting the kth row and kth column of the 3×3 symmetric matrix h ab , i.e. it is the kth principal minor of h ab . Since by definition the metric matrix h ab is positive definite, we have M k > 0.
The value of K ab K ab − K 2 depends on how we choose initial data on initial surface Σ 0 . Gravitational field has two degrees of freedom per point of space [13] , there are infinite ways to specify the initial data (h ab , K ab ) on Σ 0 , which is also expected for the wildly flucutuating foamy structure. Since general relativity is time reversal invariant that for every expanding solution there is a corresponding contracting solution, i.e. if (h ab , K ab ) is allowed initial data, so is (h ab , −K ab ) [16] . Thus the following four pairs of components
are equally likely. Then because in general, there is no particular relationship between the components of the extrinsic curvature, we have, for the second term in (52), the above four cases would statistically cancel each other that the macroscopic (spatial) average
for a very large class of randomly chosen data on Σ 0 . Then taking the spatial average of (50) over Σ 0 gives
Note that the macroscopic average does not require a very large volume: a cubic centimeter contains some 10 100 Planck-size regions. This idea of randomly chosen initial data comes from Carlip [16] . We also emphasize here that we are not starting with a spacetime and searching for a special hypersurface on which the macroscopic average (54) vanish. That would be an artificial procedure, and there would be no reason to expect such a hypersurface to be physically interesting. Rather, we are starting with a hypersurface and giving it initial data chosen randomly from a large collection.
For the wildly fluctuating spacetime, we have the last (55) for a large class of randomly chosen data. This term results in a large positive spatial curvature R (3) even if one has successfully fine-tuned λ B to make λ eff = λ B + 8πG ρ to take the observed small value. This is another example of the breakdown of the usual formulation of the cosmological constant problem due to the vacuum stress-energy fluctuation.
The vacuum energy density ρ is usually assumed to be positive, so to make λ eff = λ B + 8πG ρ small, λ B has to take negative value. In general, the component K ij (i = j) and λ B are dependent with each other, which can be seen from the evolution equation (49). Statistically, as the absolute value |λ B | increases, the allowed initial data K 2 ij (i = j) on Σ 0 would also tend to increase. It can also be shown in the later Section.VI that |λ B | and K 2 ij (i = j) are on the same order of magnitude. So there is not a unique value for λ B to exactly cancel the contribution from the term M k K 2 ij > 0, (i = j). Instead, for each large negative λ B , we would always have the freedom to choose the initial surface Σ 0 , the lapse function N , the shift vector N a and also a large class of initial data (h ab , K ab ) to make R (3) small. So far we have established that on the initial hypersurface Σ 0 , taking λ B to extra large negative values can make the average spatial curvature R (3) small for a large class of initial data. Another question is whether this feature is preserved dynamically. The evolution equation for R (3) is (see, e.g., [15] )
. (56) As mentioned in the beginning of Sec.IV A that, although the huge fluctuations are present, the spacetime is still statistically homogeneous and isotropic. This means that on average we have
Then since there is no particular relationships between N and K(or K ab ), N a and R (3) , we have the last three terms on the right side of (56) are zero. As for the first term, since we have by setting R (3) ab = 0 and there is no particular relationship between the extrinsic curvature K ab , which is given by the time derivative of h ab , and the Ricci curvature R (3) ab , which is given by the spatial derivatives of h ab , we would also have N K ab R
ab = 0. We also have the freedom to adjust the lapse function N to make sure the average is zero. Thus we reach the result˙
i.e. the small averaged macroscopic spatial curvature R (3) is preserved with time.
VI. THE MICRO-CYCLIC "UNIVERSES"
In the last section we have shown that the randomly fluctuating foamy structure of the spacetime would give a large positive contribution to the averaged spatial curvature. In order to give the observed small spatial curvature of the Universe, λ B has to take extra large negative values to cancel this contribution.
There is not a unique value for λ B to exactly cancel the contribution from the fluctuating spacetime since the magnitude of the fluctuation also depends on the magnitude of |λ B |. It turns out that the case −λ B dominates over the vacuum stress-energy fluctuation is most interesting. In this section, we will study the spacetime structure for this case in detail. Concretely speaking, −λ B dominates means taking −λ B to the range −λ B Λ 2 ≥ GΛ 4 , assuming Λ ≤ E P . To start, we take the trace of (49) to obtain the evolution equation for the mean curvature K:
Combining the above equation (60) with the Hamiltonian constraint (50) giveṡ
It is useful to split the extrinsic curvature K ab into the trace free part σ ab and the trace part K:
σ ab is called the shear tensor, its time evolution can be obtained by combining (49) and (60):
A. The synchronous coordinate
To better visualize the physical picture, we set N = 1, N a = 0, then (47) reduces to the Gaussian normal coordinate
This synchronous coordinate can always be constructed [13] , at least in a (sufficiently small) neighborhood of each point of Σ. In this coordinate, each time line x = Constant is a geodesic normal to Σ. The trace K is then the expansion of the geodesic congruence of these time lines. It is related to the determinant of the spatial metric h = det(h ab ) by
Since
is the spatial volume element, K indeed measures the local volume expansion rate of the 3-dimensional hypersurface Σ. By inserting (62) into (61), we obtain that K satisfieṡ
we have K = 3ȧ a and (66) becomes
The a defined by (67) is a generalization of the scale factor in the usual homogeneous FLRW metric. It locally describes the relative "size" of space at each point.
B. Micro "big bounces" at the singularities a = 0
Since σ 2 ≥ 0 and in our model −λ B is large positive and dominant over 4πG (ρ + trT ), we have Ω 2 > 0 and the above equation (68) describes an oscillator with varying frequency. Thus the solution for a must be oscillating around 0. Then the local volume expansion rate K = 3ȧ a ranges from −∞ to +∞. K > 0 represents expansion while K < 0 represents contraction. It jumps discontinuously from −∞ to +∞ each time when a goes across 0. In this process, the determinant h = a 6 ≥ 0 decreases continuously to 0 and then increases back to positive values as a crosses 0 ( see FIG. 2) . Physically, this means, on average, the space locally collapses to zero size and then immediately expands back. It will then collapse and expand again and again, i.e., locally, the space is alternatively switching between expansion and contraction.
Note that the solution to the oscillator equation (68) depends on the initial values of a(0, x) andȧ(0, x) on the initial hypersurface t = 0. In general, a(0, x) anḋ a(0, x) would take different values for different x and the phases of the oscillations of a(t, x) at neighboring spatial points would be different in this wildly fluctuating spacetime. Due to the phase differences, the local expansion and contraction at small scales would be largely canceled at macroscopic scales when averaging over the spatial directions.
The turning points a = 0 at which the space switches from contractions to expansions are actually spacetime singularities. In fact, it has been shown in [17] that all timelike geodesics in a globally hyperbolic spacetime dominated by a negative cosmological constant are future and past incomplete 2 , and no timelike curve has a proper time length greater than π −3/λ B .
The singularities at a = 0 is very similar to the big bang singularity. The alternatively expanding and contracting picture is similar to the cyclic model (or oscillating model) of the universe in the sense that every point in space is a "micro-cyclic universe" which is following an eternal series of oscillations. Each "micro-universe" begins with a "big bang" and ends with a "big crunch" and then a "big bounce" happens which bounces the "crunch" back to a new "bang" that the cycle starts over again ( see  FIG. 3 ).
C. The local anisotropies
The above dynamics given by K is a description after averaging over different directions. Statistically, the most commonly happening picture in the wildly fluctuating spacetime is that the space is locally expanding in 2 The anti-de Sitter space is geodesically complete, but it is not globally hyperbolic. All physically realistic spacetimes should be globally hyperbolic. some directions and contracting in others, with the directions of expansion and contraction constantly changing. This anisotropy is measured by the shear tensor σ ab . An initial sphere in this fluctuating spacetime will quickly distort toward an ellipsoid with principle axes given by the eigenvectors of σ a b , with rate given by the eigenvalues of σ a b [13] . From the evolution equation (63) we can estimate that σ 2 is in general on the same order of magnitude of −λ B . In fact, although the right hand side of FIG. 3. Top: "micro-cyclic universes" shown in a synchronous reference frame. The curves a = 0 are singularities where micro "big bounces" happen. The world lines of particles at rest relative to the reference system are vertical lines x = Constants. They are incomplete geodesics which end at the singularities. Along each segment of the geodesics between the singularities is a "micro-universe" which starts with a "micro-big-bang" and ends with a "micro-big-crunch". Bottom: homogeneous cyclic universes shown in a synchronous reference frame (FLRW). The horizontal lines a = 0 are singularities where the "big bounces" happen. The world lines of particles at rest relative to the reference system are vertical lines x = Constants. They are incomplete geodesics which end at the singularities. The whole space simultaneously starts with a big bang and ends with a big crunch.
(63) does not explicitly contain λ B , the ranges of fluctuations of the terms K and R The global structure of the spacetime are those small local structures "glued" together. At each point, the space is alternatively oscillating between expansion and contraction in every direction and the phases of the oscillations in different directions are commonly different. The length scale of these oscillations is on the order of
100 Planck-size fluctuating regions.
The essential difference between our "micro-cyclic universes" model (see the top figure of FIG. 3 ) and the usual cyclic universe model described by the homogeneous "cyclic" FLRW metric (see the bottom figure of  FIG. 3) is that in the former case the oscillations at neighboring spatial points have different phases which cancels the macroscopic expansion and contraction at laboratory scale after averaging while in the later case the whole space is simultaneously expanding and contracting. In addition, the time scale of our "micro-cyclic universes" model is very short (∼ 1/ √ −λ B ) while time scale of the usual cyclic universe model is very long (on the order of the age of the universe).
VII. THE ACCELERATING EXPANSION FROM WEAK PARAMETRIC RESONANCE
The dynamics of the local scale factor a determined by (68) is closely related to the dynamics of the nearby geodesics in the free falling observer γ's local inertial frame. In fact, since the time lines x = Constants are geodesics, the geodesic deviation equation (2) also applies here. So the property of the solution for a can be obtained by solving (2) .
However, in classical general relativity, the geodesics terminate when they hit the singularities at a = 0 and (2) only works in the separated regions between the hypersurfaces of singularities ( see FIG. 3 ). Resolving this big-bang like singularities is one of central challenges for fundamental physics and cosmology and there are diverse views about what the solution should be. If we somehow force through the singularity according to the classical evolution equation (68), we would get the micro "big bounce" solution described in the last section. In this situation, when an infinitesimally nearby test particle in γ's frame hits the singularity, the micro "big bounce" happens and the particle switches direction and then continues to move according to the geodesic deviation equation (2) . In other words, time reversal happens at the singularities. We are going to discuss this singularity issue in more detail in Sec.VIII A.
For simplicity, in the following we first study the dy-namics given by (2) without considering the bounces at the singularities. Later it will be clear that the bounces do not change our final result. As mentioned in the beginning of last section that in our spacetime −λ B dominates over the vacuum stressenergy fluctuation, i.e. we would take −λ B to the range
and its general solution is
where A i , θ i are integration constants whose values depend on the initial values x i (0),
. Thus in this case (2) is a system of oscillations with three degrees of freedom.
A. When ignoring off-diagonal terms
If we ignore the small off-diagonal terms R i 0j0 (i = j) which describe the interactions between oscillations in the three spatial directions but keep the small diagonal fluctuation terms ∆R
. , which is a combination of components of matter fields stress-energy tensor, approximately obeys chi-square distributions 3 whose probability 3 In fact, a free quantum field may be viewed as a collection of decoupled, time-independent, harmonic oscillators. At ground state, each oscillator satisfies Gaussian distribution, and the sum of Gaussian distributions are still Gaussian distributions. So quantum fields would obey Gaussian distributions. Since ∆R i 0i0 is in general contains squares of the time and spatial derivatives of the fields, it would approximately obey chi-square distributions, which are defined as sum of the squares of Gaussian distributions.
FIG. 4.
Schematic plot of a typical trajectory of the test particle in γ's frame (for simplicity, the bounces at the singularities are not showing in this figure) . The vertical axis is time direction. The amplitude of the oscillation grows as ∼ e Hτ due to the weak parametric resonance effect produced by vacuum stress-energy fluctuations.
density function roughly goes as ∼ e −κy as y large, where κ > 0 is some constant. Therefore, the contribution to the growth of x i from this case would be proportional to
as −λ B Λ 2 ≥ GΛ 4 , where we have absorbed the numerical factor 1/3 into the constantβ > 0.
Case II: Ω i Λ. The probability for this case is large since we have the expectation value Ω i ∼ −λ B /3 Λ. In this case (72) is a harmonic oscillator with time dependent frequency Ω i (τ ). As demonstrated in [6, 7] that for a harmonic oscillator with time dependent frequency, parametric resonance would occur. Since Ω i itself varies on the time scale 1/Λ, which is much longer than the time scale 1/Ω i (∼ 1/ √ −λ B 1/Λ) of the oscillation of x i , the frequency of the oscillator almost does not change during each oscillation, i.e., this process is basically adiabatic. Then the solution to (72) would take the following form 4 ( see FIG. 4 ):
In order to figure out the magnitude of H, we can study the evolution of the adiabatic invariant of the oscillator
/Ω i , which is proportional to the square of the amplitude of the oscillation. Similar analysis on the adiabatic invariant has been done in our previous work [6] . It has been wellestablished that the error in adiabatic invariant is exponentially small [18, 19] . Thus we would expect that in this case the strength of the parametric resonance, which is represented by the exponent H in (75), would also be exponentially suppressed. To obtain more detailed estimation on the magnitude of H in (75), we can follow the same steps of Section.VC of [6] with Ω ∼ √ GΛ 2 replaced by Ω i ∼ −λ B /3. Then the contribution to the growth of x i from this case would be proportional to
as −λ B Λ 2 ≥ GΛ 4 , where we have absorbed the numerical factor into β > 0.
When −λ B is large, the contribution to H from (74) drops faster than the contribution from (76). So (76) is dominant that we have
where α, β > 0 are two dimensionless constants.
B. Full consideration including off-diagonal terms
Now we include the off-diagonal terms R i 0j0 (i = j) as well. Since −λ B is dominant, this is basically a oscillation system, although in extremely rare situations the fluctuations in quantum vacuum may become temporarily dominant over −λ B . This situation is just the case I we analyzed in the last Subsection.VII A, which is a minor effect that can be safely ignored. So in this subsection we only investigate the oscillation case.
In this case, the dynamics of the system becomes more complicated. However, the bare cosmological constant λ B is still dominant and since the off-diagonal terms R i 0j0 (i = j) also vary on the time scale 1/Λ, which is much longer than the time scale 1/Ω i (∼ 1/ √ −λ B 1/Λ) of this oscillation system, this whole process would still be adiabatic and the weak parametric resonance would still occur. The difference is that the oscillation in the three spatial directions now interact slowly with each other. We would also have a similar quantity H as the one in (75) which describes the rate of change of the amplitudes of the oscillation. The magnitude of H here also depends on the parameters λ B and Λ. In order to figure out the exact dependence of H on λ B and Λ, we can also study the evolution of the adiabatic invariant of the system, except it takes some work to find the adiabatic invariant for this general case. We would also use a slightly different technique from the technique we used in Sec.VC of [6] to derive the evolution equation for the adiabatic invariant.
To find the adiabatic invariant, we first write down the 5 The general derivation in the next subsection VII B also applies here.
Hamiltonian of the system:
where the superscript "t" represents matrix transposition,
3 ) and the matrix R = (r ij ) 3×3 is given by r ij = R 0i0j . Then
∂H ∂p i is the conjugate momentum of x i and the geodesic deviation equation (2) is just the second Hamilton's equation:
Let Q(τ ) be the time dependent orthogonal matrix that diagonalizes R(τ ), i.e.
with
Next we define the normal variablesx,p from x and p by
Then the Hamiltonian (78) can be rewritten as
We then combine the variablesx andp to obtain a complex variable v defined by
Taking time derivative of the above equation we obtain that [20] 
where the dot˙representing the time derivative with respect to the proper time τ , the star * represents the complex conjugate, A = Ω Ω + T + T t is a symmetric matrix with
. Let the solution of (85) be of the form
where the column vector
is a complex amplitude and φ(τ ) is the phase matrix defined as
. Then the equation of motion (85) becomeṡ
or equivalently,
Since the off-diagonal terms of the matrix R is small compared to −λ B and varying slowly, the time derivativė Q of the passage matrix Q would also be small and thus the matrices A and S are small compared to Ω. Therefore we can see from the above equation (89) or (90) that the complex amplitude A(τ ) varies slowly with respect to the phase matrix φ(τ ).
The adiabatic invariant is defined as [20] 
which is proportional to the sum of the square of the (real) amplitudes of the oscillation in the three spatial directions (e From (85) we obtaiṅ
The above equation can be rewritten as
Integrating (93) yields
When reducing to the special case of no off-diagonal terms R i 0j0 (i = j) investigated in the last subsection VII A, the H in (94) is the same with the H in (75).
Changing the above integral (95) from the integration over τ to integration over ϕ ij ≡ ϕ i + ϕ j we obtain
(96) To evaluate H, we formally treat ϕ ij as a complex variable. Since the length of the interval
3 τ goes to infinity as −λ B → +∞, we can close the contour integral in the lower half plane. The integrand in (96) has no singularities for real ϕ ij , hence the principle contribution to the integral in (96) comes from the residue values at singularities ϕ (k) ij inside the contour:
(97) Each term in (97) gives a contribution containing a factor exp Im ϕ (k) ij with Im ϕ (k) ij < 0. So the dominant contribution in (97) comes from the singularities near the real axis, i.e. those with the smallest negative imaginary part. To keep the calculation simple, we retain only those terms. Since Ω(τ ), Q(τ ), A(τ ) all vary quasiperiodically with a characteristic time t ∼ 1/Λ, the number of singularities near the real axis would roughly be on the order τ /t ∼ Λτ . Therefore the H in (97) is roughly
where α ij > 0 are proportionality constants. Let τ (k) be the (complex) "instant" corresponding to the singularity ϕ
. In general, |τ (k) | has the same order of magnitude as the characteristic time t ∼ 1/Λ of variation of the parameters of the system. Thus the order of magnitude of the exponent in (98) is
Therefore, inserting (99) into (98) gives
where α, β > 0 are two dimensionless constants which depend on the variation details of the system of oscillations. H becomes exponentially small in the limit of taking −λ B to infinity. This is a manifestation of the result that the error in adiabatic invariant is exponentially small for analytic Ω [18, 19] . In fact, the technique of contour integral in deriving (100) is very similar to the one used in deriving the error in adiabatic invariant in the pages "160 − 161" of [18] . Notice that the result (100) we obtained for the general case of including all fluctuation terms is the same as the result (77) for the special case of including the diagonal fluctuation terms.
Physically, the result (100) is easy to understand. Larger 
C. When including the micro "big bounces"
The micro "big bounces" at the singularities only reverse the moving directions of the test particle. They do not change the amplitude of the oscillations. Thus the result (100) for H does not change.
The physical meaning of this result is that every free falling observer γ would see that the average distance from him to the nearby free falling test particles increases exponentially as ∼ e Hτ , with the magnitude of H, given by (100), being exponentially suppressed. In other words, the average volume of the test particles around γ would be increasing at a slowly accelerating rate. Since this is true for every free falling observer moving in the fluctuating spacetime, and the spacetime has the same (statistical) properties everywhere, H actually measures the global expansion rate of the Universe, i.e. H here is just the part of the Hubble expansion rate which comes from the gravity of the quantum fields vacuum. This may give the accelerating expansion of our Universe. Now we come back to the dynamics of the local scale factor a. It describes the relative "size" of space and thus goes as the product of the relative "length" in the three spatial directions |a
Each L i approximately follows a harmonic motion with the amplitude slowly increasing due to the weak parametric resonance effect that we would have a roughly goes as
where ∆Ω i represents the frequency fluctuations and θ i represents the phase of the oscillation in the ith direction. The phase differences between θ i s produce the shear σ 2 in the dynamic equation (68) for a. This result implies that the expansion wins out a tiny bit during each oscillation and the expectation value of the local volume expansion rate ( see FIG. 2 )
(102)
D. Fine-tuning is not needed
Instead of the usual relation (15) between the observed effective cosmological constant λ eff and the bare cosmological constant λ B , the result (100) gives a new relation:
This relation can be rewritten as
A rough numerical simulation 6 gives an estimation that α is somewhere between e 10 to e 20 , β is somewhere between 10 to 20. Then if we take Λ = 1 (for convenience, we use Planck units here), we have
In this case, since the above two terms are only different by 1 order of magnitude, the term √ −λ B only needs to be tuned to an accuracy of 10 −1 or λ B only needs to be tuned to an accuracy of 10 −2 to satisfy (104). In general, the difference in the order of magnitude between the two terms − Λ 2β log(λ eff ) and Λ 2β log(α 2 Λ 2 ) in (104) is determined by the value of Λ, α and β. Λ can take any reasonable value smaller than 1. The values of α and β are determined by the detailed properties of quantum vacuum fluctuations. Basically, for fixed Λ, the difference becomes smaller if α decreases and β increases. Because of the exponential suppression, the extreme finetuning of the bare cosmological constant λ B to match the observation is no longer needed. This would resolve the cosmological constant problem.
6 See Chapter 10.3 of the thesis [21] . This rough simulation uses a single harmonic oscillator with time dependent frequency sourced by one Boson field and one Fermion field. The original idea of taking the bare cosmological constant to large negative values actually started in [21] . We abandoned the idea there because the problem of large spatial curvature explained in Chapter 10.5 of [21] . Fortunately, we found later that this is not a problem in the general approach we used in this paper. It was a problem in [21] because we pre-assumed that the metric took the form of Eq.(10.33), which is not true for the general fluctuating spacetime metric (47) we are studying in this paper. In fact, we have demonstrated in Sec.V B of this paper that the observed macroscopic spatial curvature is small for our fluctuating spacetime.
VIII. DISCUSSIONS A. The issue of the singularities
Probably the biggest concern about this proposal for addressing the cosmological constant problem is the appearance of the singularities at a = 0 ( see FIG. 3) . In this subsection, we discuss this singularity issue in more detail.
The existence of singularities is a generic feature of the solution of Einstein field equations under rather general energy conditions (e.g. strong, weak, dominant etc.), which is guaranteed by Penrose-Hawking singularity theorems [14, [22] [23] [24] [25] [26] . In particular, our negative cosmological constant dominated spacetime satisfies the strong energy condition and thus the occurrence of the singularities is inevitable [17] . One can show that they are curvature singularities since the Kretschmann invariant R abcd R abcd is divergent. The prediction of the singularities represents a breakdown of the classical description of gravitation and general relativity loses its predictability there. For this reason, the classical spacetime evolution is supposed to stop at the singularity in the framework of general relativity. However, in this paper, the singularities are not the ends but the new beginnings-micro "big-bounces" happen there and the spacetime evolution starts over again. This bouncing picture comes from solving the evolution equation (68) for a, which is a harmonic oscillator with time dependent frequency Ω. Since Ω 2 > 0, it is natural that the oscillator a crosses its equilibrium point 0 without stopping which gives the micro "big bounce" picture.
The only difference from the usual harmonic oscillator is that at the singularity a = 0 the frequency Ω 2 = +∞ since the shear scalar σ 2 diverges there. This leads to the divergence of the the "velocity"ȧ and the "acceleration" a at a = 0. In fact, if we take the time derivatives of a given by (101), bothȧ andä are divergent at a = 0. However, these divergences should not result in the stopping of the spacetime evolution at the singularity. After all, the "motion" of a stops because its velocityȧ = 0, not because its velocityȧ = ∞ which leads to the breakdown of its evolution equation (68) at the singularity. Moreover, the divergence ofȧ at a = 0 should lead to a much faster crossing (within an infinitely short time interval), not an abrupt halt. For this reason, we argue that it is quite natural for the spacetime evolution continues beyond the singularities and the micro "big bounces" happen.
However, Einstein equations do break down at the singularities and the solution for a before and after the crossing over 0 are isolated from each other by the hypersurfaces a = 0 ( see FIG. 3) . In other words, Einstein equations cannot tell how the solution for a before the crossing over 0 connected to the solution after the crossing. One basic question raised by this issue is whether the bounces are "elastic", i.e., whether the magnitude ofȧ "right before" and "right after" the crossing of a = 0 equal? We are going to argue that this issue of the non-predictability of general relativity at the singularities might be circumvented if one modifies the original Einstein equations in an unessential manner and the dynamics given by the modified equations would lead to "elastic" bounces.
One essential feature of the singularities happened in our picture is that the determinant g = −a 6 of the metric becomes 0 when a = 0, i.e., the metric becomes degenerate. The standard formulation of general relativity does not allow the metric to be degenerate because the inverse metric g ab would become singular and the quantities involved in Einstein equations like R a bcd , R ab , R would take on the form 0/0. A natural way of resolving this kind of singularities characterized by the the vanishing of g is by multiplying both sides of the Einstein equations by some power of g:
For suitable values of p, there is no longer any denominator in the above equation (106). This equation is equivalent to the original Einstein equation at points away from the singularities and still valid at the singularities if the metric components g µν are smooth (or at least their first two derivatives exist) at a = 0. Then there is no problem for g µν to unambiguously (uniquely) evolve across the singularities according to the modified equation (106). This idea of resolving a singularity by mulptiplying Einstein equations with some power of the determinant of the metric is not new. Einstein himself had proposed this idea with his collaborator Rosen in 1935 (for which they credited this idea to Mayer) [27] in the study of spacetime metric which is called the Einstein-Rosen bridge later. Ashtekar used a similar trick in his method of "new variables" to develop an equivalent Hamiltonian formulation of general relativity [28] . Stoica followed this idea and formulated the "singular general relativity" [29] which allows the metric to become degenerate. In this fomulation, he argues that not tensor but tensor densities are the physical quanties and the densitized Einstein equations (106) are actually more fundamental than the usual Einstein equations [29] [30] [31] [32] [33] [34] [35] [36] [37] .
Unfortunately, g µν is not smooth at the singularities in our spacetime since g µν itself and its first two derivatives may be divergent at a = 0. Because of this, even the modified equation (106) is not valid at the singularities. However, this issue can be fixed by simply operating on the metric density (−g) p g µν (of suitable weight −2p) instead of metric g µν in (106). The metric density (−g) p g µν and its first two derivatives can always be made finite for suitable values of p due to the vanishing of g at the singularities. Then if we replace the argument g µν by (−g) p g µν in (106), i.e., if we express G µν in terms of (−g) p g µν instead of g µν , (106) would be valid at the singularities. Then with the requirement that (−g) p g µν are smooth (or at least their first two derivatives exist) at the singularities a = 0 for all suitable values of p, the new variables (−g) p g µν can unambiguously (uniquely) evolve across the singularities according to the modified equation (106). We can then obtain the solution for the met-ric g µν from (−g) p g µν . In this sense, one can still predict how g µν evolves beyond the singularities according to the modified Einstein equations (106), although g µν may still be divergent at the singularities. The divergence of g µν might not as bad as usually thought since practically one can not measure physical quantities at a point. Any measurement has to be made in a finite region of spacetime and thus there is always an integral d 4 x √ −g which may cancel (or at least weaken) the divergence at the singularity because of the vanishing of g there.
For example, we can apply the above prescription of singularity resolution to the simple Kasner metric
The Kasner metric for t < 0 takes the same form
If we arrange p 1 , p 2 , p 3 in the order p 1 < p 2 < p 3 , their values will lie in the intervals
The metric component t 2p1 is divergent at t = 0 and all the first and second derivatives (t 2pi ) · , (t 2pi ) ·· , i = 1, 2, 3 are also divergent at t = 0. So the original Einstein equations are invalid at t = 0 and thus cannot predict how the metric (107) for t > 0 evolve across t = 0 to negative values of t. In other words, one cannot tell how the Kasner index p 1 , p 2 , p 3 for t > 0 relate to the Kasner index p 1 , p 2 , p 3 for t < 0 from the original Einstein equations.
However, since the determinant −g = t 2 , then the metric density (−g) p t 2pi = t 2(p+pi) and their first and second derivatives are all finite at t = 0 if p ≥ −p 1 + 1 and thus the modified Einstein equations (106) for the new variables (−g) p g µν are valid there. In particular, for p = −p 1 + 1, the three components of (−g) p t 2pi for t > 0 are
and the three components of (−g) p t 2p i for t < 0 are
At t = 0, the three components of (112) and their first derivatives are all equal to zero, which is the same as the values of the three components of (113) and their first derivatives. However, the second derivative of the first component t 2 in (112) at t = 0 is equal to 2, while the second derivative of the first component t
, which is either 0 or ∞ if p 1 = p 1 . In order to match them, one must have
Therefore, we have obtained that the metric density t 2(p+pi) , which is valid for all values of t, is a unique solution to the modified Einstein equations (106) under the requirement that the new variables (−g) p g µν are smooth (or at least first two derivatives match) at the singularities for all suitable values of p. Then the Kasner metric (107) can be extended to negative values of t:
This metric describes an "elastic" singular bounce at t = 0. The function (t 2 ) pi is defined as function com-
pi , where the exponentiation to the real power p i of the non-negative base t 2 ≥ 0 is defined by extending the usual rational powers to reals by continuity. In this definition, one always has (t 2 ) pi ≥ 0. The spacetime evolution in this paper can also be continued across the singularities a = 0 by applying this prescription. It is natural that the bounces given by this prescription is "elastic" since the smoothness requirement (or at least the first two derivatives continuous) of the new variables (−g) p g µν at the singularities a = 0. It is interesting to notice that, near the singularity, the local scale factor a given by (101) for our fluctuating spacetime goes as a ∼ (t − t 0 ) 1 3 , while the local scale factor a for the Kasner metric (115) goes as a ∼ t 1 3 . This shows some similarity in the singularity structure between our fluctuating spacetime dominated by the negative bare cosmological constant and the Kasner metric (115). In fact, an exact solution of the Einstein equations for a Bianchi-I universe (homogeneous but anisotropic universe with flat spatial curvature) in the presence of a negative cosmological constant has been shown to be Kasner type [38] .
The exact dynamics of the metric near the singularities in our wildly fluctuating spacetime is of course much more complicated than the simple Kasner metric (115). According to Wheeler's insight that "matter doesn't matter" near a singularity, we have, for most type of matter including the negative cosmological constant, the effect of the matter fields on the dynamics of the geometry becomes negligible near the singularity. And also according to the BKL conjecture [39] , near the singularity the evolution of the geometry at different spatial points decouples, we have the dynamics of our spacetime near the singularities should be similar to the BKL singularity, which is a model of the dynamic evolution of the Universe near the initial singularity, described by an anisotropic, chaotic solutions of the Einstein field equations of gravitation. The difference between the usually studied homogeneous BKL model and our fluctuating spacetime is that in our model the spacetime is inhomogeneous that the singularities happen at different times ( see FIG. 3 ).
Also, unlike the usual study that the singularity is supposed to be an end of BKL dynamics, in our spacetime the singularity is not an end but a bounce.
So far, we have argued that the classical spacetime evolution in this paper can continue beyond the singularities if we operate on metric density (−g) p g µν (of suitable weight −2p) instead of on metric g µν in the modified Einstein equations (106). The price is that we accept the divergence of g µν at the singularities. We emphasize here that this way of singularity resolution is just a prescription for trying to keep a classical description of spacetime near the singularities. In principle, quantum effects of gravity itself would play a dominant role near the singularities which would invalidate the classical description of spacetime. We need a quantum theory of gravity to predict what is really going on near the singularities. Unfortunately, there is no satisfactory quantum theory of gravity exists yet. However, we hope that this "classical" resolution of singularity by modifying the Einstein equations in an unessential manner can provide some hint for quantum gravity and the micro "big bounces" picture at the singularities given by this prescription would also be predicted in the future satisfactory quantum theory of gravity.
In fact, loop quantum gravity has obtained similar bounce pictures in FLRW, Bianchi, and Gowdy models [40, 41] . The difference is that the singularity is avoided since the bounce happens before the singularity forms. That is because in the framework of loop quantum gravity the quantum geometry creates a new repulsive force which is totally negligible at low spacetime curvature but rises very rapidly in the Planck regime which bounces the contraction back to expansion. Unlike in our "classical" model, the structures in loop quantum cosmology before and after the quantum bounce can change in general. For example, quantum gravitational effects can cause Kasner transitions in Bianchi spacetimes [42, 43] . However, these differences in the details of the bouncing dynamics should not alter our main result as long as the (average) bounces are "elastic". We guess from the "energy conservation" consideration that the bounces should be "elastic", although in general there is no well defined energy for gravitational field in general relativity.
One might also feel strange that the local scale factor a can be negative, which contradicts our impression of positive a in standard cosmological models. However, this is not a problem since the physical quanties are always the non-negative determinant h = a 6 ≥ 0 and the positive-(semi)definite spatial metric h ab . Gielen and Turok described a similar picture which they called "perfect quantum cosmological bounce" in the usual homogeneous FLRW universe [44, 45] . They also showed that it is natural to extend the scale factor a to negative values, allowing a large, collapsing universe to evolve across a quantum bounce to an expanding universe. They circumvented the big bang singularity by analytically extending a to the entire complex plane that the universe evolves from large negative a to large positive a along a contour which avoids a = 0.
Another issue caused by the singularities is how they affect the propagation of quantum fields riding on the spacetime. It has been argued in Sec.VII and Sec.IXB of [6] by direct calculations for a special toy metric that the singularities do not affect the propagation of low frequency field modes. In that toy model, the singularities do not cause problems at the observable low energy regime. This result should be still valid in our general fluctuating spacetime with the singularities-after all, the singularities only appear (and immediately disappear) at energy scales of √ −λ B , which should not affect the low energy physics whose energy scale Λ √ −λ B is far below.
B. The issue of the definition of vacuum state
We have presumed a vacuum state in the begining of this paper without defining it. Defining the vacuum is actually not trivial in curved spacetime. In Minkowski spacetime, the vacuum state is uniquely defined as the state with lowest possible energy. However, there is no well defined vacuum state in a general curved spacetime. This is already an issue in the usual formulation of the cosmological constant problem, although it is rarely mentioned in the literature 7 . The spacetime we are dealing with in this paper is sourced by the bare cosmological constant λ B and the matter fields vacuum stressenergy tensor. This spacetime is wildly fluctuating like Wheeler's spacetime foam that no vacuum state definition in the usual sense is possible.
However, we can still define a state which is "effectively" a Minkowski vacuum state below the high energy cutoff Λ. The spacetime we are interested in (see Sec.VII) is dominated by the bare cosmological constant λ B . Its fluctuation happens at the length scale 1/ √ −λ B , which is much smaller than the length scale 1/Λ of the field modes. Then the similar argument we made in [6] also applies here that the corrections to the field modes with frequencies below Λ would be small. In other words, the spacetime should still looks like Minkowski for low frequency field modes. Long wavelength fields ride over the Wheeler's foam seeing only their average properties. This is similar to the behavior of very long wavelength water waves which do not notice the rapidly fluctuating atomic soup over which they ride. In this paper we adopt the effective field theory philosophy that the field theory for matter is valid up to the cutoff Λ. The long wavelength modes average out the wild fluctuations on the scale of 1/ √ −λ B , making them behave like modes in flat spacetime. Therefore, below Λ, we can approximately define the vacuum state as the lowest energy state as usually done in the ordinary quantum field theory in Minkowski spacetime. In other words, below the cutoff Λ, the vacuum state we are using in this paper is approximately the usual vacuum state defined in Minkowski spacetime.
C. Advantages of the new scenario
The new scenario does not have the listed shortcomings mentioned in the introduction section I of the old one. We explain them here one by one.
i) The new approach does not rely on a special form of the metric. In fact, the metric (47) we are using is general in our approach.
ii) The high energy cutoff Λ just labels the energy scale which measures the magnitude of the quantum fluctuations. Since the bare cosmological constant λ B is dominant, whether or not the usually assumed vacuum equation of state (11) is violated at small (Planck) scale does not matter. The different regularization methods for calculating the expectation value of the vacuum energy density do not alter the general scenario, although it may alter the details that the numerical values of the constants α, β in (100) may change.
iii) For our new model to work, we only need to adjust −λ B Λ 2 ≥ GΛ 4 (assuming Λ ≤ E P ) to make sure the expectation value Ω 2 Λ 2 that even a small probability for Ω 2 < 0 does not matter. iv) For our new result (103), Λ can take any possible value below the Planck energy and the oscillation scale of the gravity field, which is given by √ −λ B , would not be far above the Planck energy scale. For example, if we take Λ on the grand unification energy Λ GUT ∼ 10 −3 E P , then √ −λ B would be around 10 −1 E P or 10 −2 E P depending on the parameters α, β in (103). Even if we just take Λ ∼ 1E P , then −λ B would only be a few hundred E 2 P or less, and the oscillation frequency of gravity √ −λ B would be around 10E P .
Moreover, provided the huge gap between the energy scale of the standard model of particle physics (10 3 GeV ) and the Planck scale (10 19 GeV ), there is actually large chances for Λ to take values far below the Planck energy. For example, it is estimated in [47] that an upper limit on the domain of validity of the quantum field theory description of nature is around 100 T eV (10 −14 E P ). If so, the oscillation scale of the gravity field √ −λ B would be around 10
−12 E P , far below the Planck energy and classical general relativity is expected to be a valid description of gravity.
Finally, it is helpful to make it clear that this new scenario is essentially a generalization of our previous work [6] from the special inhomogeneous metric ds 2 = −dt 2 + a 2 (t, x)dx 2 to the general inhomogeneous metric ds 2 = −dt 2 + h ab (t, x)dx a dx b . The only difference is the source of gravity which needs to satisfy the conditions Ω 2 > 0 and Ω is slowly varying. In the old scenario the source is only matter field vacuum. We just assumed that Ω 2 > 0 (which may not be true) and took the high energy cutoff Λ to super-Planck scales to make sure Ω is slowly varying. In the new scenario the source is the bare cosmological constant λ B plus the matter field vacuum. The conditions Ω 2 > 0 and Ω is slowly varying are both guaranteed by taking λ B to the range −λ B Λ 2 ≥ GΛ 4 , assuming Λ ≤ E P . In this way, the shortcomings listed in the introduction section are all avoided.
D. Open questions
Here we list some open questions raised by this new scenario which deserve further studies in the future.
i) The argument we made is all in stochastic gravity framework [48] where the sources of gravity are stochastic classical fields whose properties are determined by quantum fluctuations. What if we treat both the metric and the matter fields as quantum operators? Can we get the same result? In other words, what about quantum gravity?
ii) What about low energy Einstein equations? Do they decouple from these high energy equations? If not, are there problems with gravity waves from Ligo, or with Planetary motion?
iii) Can this scenario be extended to inflation? Is inflation extra low energy equations, or is inflation also by the similar mechanism? For example, can the phase transitions in the early universe effectively shift the negative bare cosmological constant λ B to values comparable to the zero point fluctuations that the parametric resonance becomes strong and thus be able to produce the inflation? If so, the advantage of this model is that the inflation can be driven by the fluctuations of quantum vacuum of known physical field, without the need to introduce a hypothetical inflaton field with an artificial slow roll potential.
iv) The singularities are probably the most crucial open question, while we have argued that we can push through them by the prescription described in Sec. VIII A which is still in the classical gravity framework, they remain problematic without a satisfactory quantum theory of gravity.
IX. CONCLUSIONS
We have demonstrated that the usual formulation of the cosmological constant problem breaks down when the effects of the huge fluctuations in quantum vacuum stress-energy tensor is considered. Even if one has successfully fine-tuned the bare cosmological constant in the Einstein equations to the required accuracy of 10 −122 , the fluctuations would still cause the Universe to explode. The fluctuations would also give a large positive contribution to the averaged macroscopic spatial curvature of the Universe. In order to cancel this contribution, the bare cosmological constant has to take large negative values.
Moreover, if the negative bare cosmological constant is large enough, the spacetime has an alternatively expand-ing and contracting structure at small scales if the large negative λ B is dominant over vacuum fluctuations. The physical picture is actually similar to the cyclic model (or oscillating model) of the universe in the sense that every point in space is a "micro-cyclic universe" which is following an eternal series of oscillations. Each "microuniverse" begins with a "big bang" and ends with a "big crunch" and then a "big bounce" happens which bounces the "crunch" back to a new "bang" that the cycle starts over again. During this process, the expansion wins out a little bit due to the weak parametric resonance effect caused by the fluctuations of the quantum vacuum stress-energy. Then on average the size of each "microuniverse" increases a tiny bit during each micro-cycle of oscillation. Accumulation of this effect over the cosmological scale would give the observed slowly accelerating expansion of our Universe. In other words, the contribution from the vacuum energy density to the accelerating expansion of the Universe is exponentially suppressed so that the extreme fine-tuning of the cosmological constant to an accuracy of 10 −122 is no longer needed. This resolves the cosmological constant problem and suggests that it is the quantum vacuum fluctuations serve as the dark energy which is accelerating the expansion of our Universe. This mechanism shows that the physics happens at the smallest (Planck) scale may have effects on the largest (cosmological) scale.
